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Abstract. Let L be the function field of a projective space P£ over an algebraically 
closed field k of characteristic zero, and H be the group of projective transformations. An 
if-sheaf V on PjJ is a collection of isomorphisms V — > g*V for each g £ H satisfying the 
chain rule. 

We construct, for any n > 1, a fully faithful functor from the category of finite- 
dimensional L-semi-linear representations of H extendable to the semi-group End(L/fc) 
to the category of coherent H-sheaves on PJJ. 

The paper is motivated by a study of admissible representations of the automorphism 
group G of an algebraically closed extension of k of countable transcendence degree un- 
dertaken in The semi-group End(L/fe) is considered as a subquotient of G, hence the 
condition on extendability. 

In the appendix it is shown that, if H is either H, or a bigger subgroup in the Cre- 
mona group (generated by H and a certain pair of involutions), then any semi-linear 
^-representation of degree one is an integral //-tensor power of detz, Q\,/k- It is shown also 
that this bigger subgroup has no non-trivial representations of finite degree if n > 1. 



1. Introduction 

Let F be a field, G a semigroup of endomorphisms of F and k = F G . 

An F-semidinear G-representation is an F-space V with a fc-linear G-action such that 
cr(a • v) = aa ■ av for any a S G, v G V and a € F. This is the same as a module 
over the associative central fc-algebra F(G) := F ®i Z[G] with the evident left action of 
F and the diagonal left action of G. We say that a semidinear G-representation is non- 
degenerate if the action of each element of G is injective. Semidinear G-representations 
finite-dimensional over F form an abelian tensor fc-linear category. This category is rigid 
if the elements of G are invertible. The set of isomorphism classes of non-degenerate semi- 
linear .F-representations of G of degree r is canonically identified with the set H 1 (G, GL r F). 

1.1. Let A; be a field of characteristic zero, and koo := Uj>o&j, where k$ = Q and kj+% is 
generated over Q by all roots in k of all elements of kj. Suppose that k contains all ^-primary 
roots of unity for some prime I > 2. Let L be the function field of a projective space P£ 
over k, and G n = VGL ri+ \k be the automorphism group of P£ over k. A G n -structure on a 
sheaf V on P^ - is a collection of isomorphisms a g : V — ► g*V for each g G G n satisfying the 
chain rule: a^g = g*ah° &g for any g,h G G n . A G n -sheaf is a sheaf on P£ endowed with a 
G n -structure. 

Let 6£ n be the full subcategory of the category of L -semi-linear representations of G n , 
whose objects are restrictions of finite-dimensional L-semi-linear representations of the semi- 
group End(L/fc) to G n . 
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In this paper, for any n > 2, we construct a fully faithful functor 

&£ n — ► {coherent G n -sheaves on P^}. 

The construction of the functor S proceeds as follows. Fix a maximal split torus T 
in G n , and extend such a semi-linear representation V to the semigroup Enddom(XA) — 
Mat^^°Z x T of dominant endomorphisms of the n-dimensional T-orbit Y = (G m ) n in 
PjJ. First we show (Proposition that the restriction of V to x T, where Z^ is a 
"maximal split torus" in Mat^^°Z, is induced by a representation. An analytic argument 
(Lemma 15.21 we use here the assumption on existence of ^-primary roots of unity in k) 
reduces this problem to a local result (Theorem 14. 5[) asserting that any k ((t))-semi- linear 
representation of the semi-group N (acting on the formal Laurent series field k((t)) by 
p : t t p ) is induced by a representation. 

This implies ( Lemma 153)) that V i — ► V Ttovs gives a "fibre functor", i.e. V = V Ttovs 0^ L, 
to the category of unipotent ^-representations of T. Then, using more technical results of 
fJHl for each hyperplane H stabilized by T and for any fc^-lattice Uq in the unipotent radical 
U of the stabilizer P of H, we construct (in Lemma 16 .3(1 . another "fibre functor" V i — ► 
to the category of unipotent ^-representations of U, so that the Op™ (P£ — H )-lattice Vh m 
V spanned by V u ° is P-invariant and independent of Uq. 

Localizing this lattice and varying H, one gets a coherent G n -subsheaf V of the constant 
sheaf V on P£ so that V|y = y TtOTS ® fc Oy = V u ° ® k Oy and T(P™ - H, V) = V//. 

If = fcoo, one checks that the G n -action on the total space E of the vector bundle 
corresponding to V comes from a morphism of A;- varieties G n x /% E — ► E, so the functor 
S factors through the category of G n -equivariant coherent sheaves on P^ , equivalent to the 
category of rational representations over k of finite degree of the stabilizer of a point of K. 

For k transcendental over Q the objects of 6£ n are not equivariant sheaves anymore. For 
instance, there is a family of pairwise non-isomorphic semi-linear representations Q l L / 'H(S>kL 
parametrized by the hyperplanes H in the A;-space A choice of a non-zero element 
v G Q\/H = k determines a non-split extension — > L — > Q^/H ®£ L — > ^L/k — * ^. 

1.2. The paper is motivated by a study of admissible representations 1 of the automorphism 
group G of an algebraically closed extension F of k of countable transcendence degree 
undertaken in [FQ. One can expect that any such representation is contained in appropriate 
admissible semi-linear representation, cf. ^7.21 In N7.1l an abelian category V of compatible 
systems of semi-linear representations of Cremona groups Cr n (k) is introduced and a faithful 
functor {smooth F-semi-linear representations of G} — > V is constructed. 

It is well-known that any irreducible G ra -equivariant coherent sheaf on P£ is a direct 

& n 

summand of Hom^ ((fi£n/ fc ) P * , ®o_ n ^jU/fc) for an appropriate i > 0. 

Then Theorem 16.51 and the results presented in £JH suggest that irreducible admissible 
representations of G are contained in the algebra of relative differential forms ^p/ k - If the 
same is true for any irreducible object of Xq (cf. ^17.21 p|TH|) then for any smooth proper 

■*"A representation of a topological group is called smooth if the stabilizers are open. A smooth represen- 
tation of is called admissible if the subspace fixed by any open subgroup is finite-dimensional. 
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variety with no regular differential forms of degree > 2 the Albanese map identifies the 
group of classes of 0-cycles of degree zero modulo rational equivalence with the Albanese 
variety, cf. Corollary 17.91 This would also imply a description of pure motives as admissible 
G-modules, cf. Corollary 17.81 

1.3. In the appendix semi-linear representations of degree one are studied in more detail. 
The main results there are Corollary IA. 21 and ProDosition lB.il where it is shown that if L is 
the function field of a projective space P£ over an algebraically closed field k of characteristic 
zero and G is either the group of projective transformations, or a certain bigger subgroup 
in the Cremona group, then any semi-linear G-representation of degree one is an integral 
L-tensor power of det^ST^. This bigger subgroup has such an advantage that it has no 
non-trivial representations of finite degree if n > 2 (cf. Proposition IB.2j) . so at least this 
source of unexpected semi-linear representations is excluded. 



2. Examples of semi-linear G-representations 



In the first example G is a (semi-)group generated by a single element T. Such situation 
(in a greater generality) was studied in [U|. Let V be an F-semi-linear G-representation of 
degree iV admitting a cyclic vector v, i.e., such that {v, Tv, . . . , T N ~ 1 v} is an F-base of V. 



Then T N v 



7V-1 



as 



V o 



hjT J v for some ho, 



, fr/v— l € F, so the matrix of T in this base looks 



hi 



\ 



1 h N -i ) 



The following well-known result shows that this situation is typical. 

Lemma 2.1. Let a be an endomorphism of a field F of infinite order, 
degenerate F -semi-linear representation of a of finite degree is cyclic. 



Then any non- 



Proof. We proceed by induction on degree (or length) N, the case N = 1 being trivial. 
For N > 1 let ^ Vo C V be an irreducible subrepresentation. By induction assumption, 
V/Vq is generated by some v £ V/Vq. Choose a lift v G V of v. 

Suppose that V is not cyclic. Then V = Vo ® {v + w) for any w & Vo. Then the left 
ideal Ann{v) is contained in the two-sided ideal Ann(Vo). If a non-zero two-sided ideal 
contains a m + / m _ifj m_1 + • • • + fo with minimal possible m > then it contains also 
o m + fm-i^r^- 1 + . . . + /o-A^. for any A G F x , so / m _! = • • • = /o = 0. As dim F (v) = 
dimp(F(a) /Ann(v)) < N < oo, one has Ann(v) ^ 0. In particular, Ann(Vo) ^ and 
°' m (^b) = for some m > 0, which contradicts our assumptions, and thus, V is cyclic. □ 

2.1. Linear and semi-linear representations. To any subfield k' in F invariant under 
the G-action and to any finite-dimensional semi-linear ^'-representation Vo of G one asso- 
ciates the semi-linear F-representation Vq F of G. On the level of isomorphism classes of 
semi-linear representations of G of degree r this operation coincides with the natural map 

(1) H\G, GL r k') — ► H\G, GL r F). 



The following lemma gives a sufficient condition for injectivity of the map (jlj). 
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Lemma 2.2. Let k' be a Galois extension of k in F . If the G- orbit of any element of F — k' 
spans a k' -sub space in F of dimension > r 2 then the map is infective. 

Proof. Let (a a ) and (a' a ) be two 1-cocycles representing some classes in H l {G, GL r k'). 
Suppose that they become the same in H 1 (G, GL r F), i.e., there is an element b G GL r F 
such that a a = b~ 1 a' a ab for all a G G. Equivalently, ba a = a' a ab for all a G G. If 
b $l GL r A/, i.e., there are some 1 < s, t < r such that b s t G" k', then there is a G G such that 
ab s t G" (bij | 1 < i,j < r)k>, which contradicts ba a = a' a ab. This means that b G GL r k', and 
thus, the classes of (a a ) and (a' a ) in H 1 (G, GL r k') coincide. □ 

In opposite direction, let V be an F-semi-linear G-representation, and p : G — > GL(V) 
an F-linear representation. Set V p := {w G V \ aw = p(a)w}. Then V p is a /c-space. 

Lemma 2.3. The natural map F <&k V p — > V is injective. 

Proof. Let {w±, . . . ,w m } C V p be linear independent over F. Suppose that w = 
J2j ^j w j ^ ^p- Then aw — p(a)w = J2j( a ^j ~ ^j)p( a ) w j = 0; and therefore, cxAj = Aj for 
any j, i.e., Aj £ k. □ 

Remark. The irreducibility of a representation of G over does not imply the irre- 
ducibility of the F-semi-linear G-representation F <g)fc W. 

For example, let Q be a finite-dimensional /c-space, -F = k(¥(Q)) be the function field 
of its projectivization, G = PGL(Q), and W = sl(Q) be the adjoint representation of G. 
We identify W with the global vector fields on IP(Q), thus getting a non-injective surjection 
W® k L — ► Der(L/fc). 



3. Some semi-linear representations of groups exhausted by finite subgroups 

Let F be a field, G be a group of field automorphisms of F and H\ <\ H2 G G. Set 
L := F^ 1 . Suppose that H := H2/H1 is exhausted by its finite subgroups, i.e., H is a 
torsion group and any pair of its finite subgroups generates a finite subgroup. 

By Hilbert Theorem 90, one has 

Z 1 (H,GL N L) = lim GL N L®\GL N L, and ^{H^GLnL) = Z 1 (H,GL N L)/GL N L, 

< — $ 

where $ runs over the set of finite subgroups in H. 

3.1. Endomorphisms and contractions. Suppose that £ G G induces an endomorphism 
of H, i.e., ^ _1 i^2^ ^ _£f 2 and C iJ^. Given an F-semi-linear G-representation 

V, consider V 1 . This is an L-semi-linear .ff-representation with an injective semi-linear 
^-action: for any /i G Hi and any u G V Hl one has h(£v) = £,(£,~ 1 h£ i )v = £v, so £u € V x . 

Let = dim L V Hl . For any C G ^ one has / c </ { = G GLjyL. As / f = /"!</ 

for some / G lim GL N L*\GL N L, this implies that (if)- 1 • C(£/) = (/ • fi)~ l " C(/ • so 

/•/{ = £/€ lim GLatL^GLatL. 

< — $ 
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Example. Suppose that £ contracts H, i.e., for any £ G H2 there is s > 1 such that 
r s a s e Then C(C S 5) = e'Cr'CDs = £ s 3, i-e., £ s 9 G GL^O for any <? G GLjyL. 
This implies that for any / G Z^(H, GL^rL) as above there exists the limit lim £ s f ■ fZ = 

lim Z" 1 = • • -f 3 /f 1 • £ 2 / c _1 • C/f 1 • /f 1 = /, so there is a bijection GLjyL x 
(0, GLjvL) sending g G GL^L to / e = g, ft = ft, ■ (f^ 1 = f' 1 ■ (f if C G H and ^(C) = 1- 

4. Local problem: fc((t))-SEMi- linear N-representations 

Let N be the multiplicative semigroup of positive integers acting on k((t)) by p : 1 1— > i p . 
In this section we show that any semi-linear representation of N finite-dimensional over 
k((t)) is induced by a ^-representation. 

Lemma 4.1. ff^S, GLjyA;) fl^S, GLjvMMD w ^(S, GLj^k((t))) and # 1 (S,1 + 
ifl^MMD = {*} /or any subsemigroup SCN. 

Proof. We may suppose that S 7^ {1}. For somep € 5 — {1} and (ft) G Z l (S, GLjv&[MD- 
set B := /- 1 - ^(O)" 1 G igMtf*]]- As ft(0) s+1 f- l +1 = / P (0) s+1 (/ P (0)" 1 + n p s "B)& = 
f P {0) s fps 1 +fp(0) s+1 -P s B-f- s \ there is the limit $ := lim /p.(0)/p.(t) _1 = lim / p (0) s /^ G 
Ijv + tfltjv^[[*]]- Then = / p (0), so we may suppose that ft G GLat/c and 

ft = In if /p = ljv (mod t). As f^ftfyft = ft(t p ), this implies that ft G GLatA; for any 
£ G S 1 and ft = In ii ft = In (mod i). The injectivity statement follows from a similar 
argument. □ 

Lemma 4.2. Hom(S', k x ) xd(S)~ 1 7*/Z — > H 1 (S, k((t)) x ) for any non-trivial subsemigroup 
S QN, where d(S) is the greatest common divisor of s — 1 for all s G 5. 

Proof By LemmalPl one has if 1 (5, l+tk[[t]]) = 0. Clearly H l (($),t z ) ^ Z/(p-l)Z for 
any p > 2. As k({t)) x ^ZxPx (l + tfc[[t]]), one has H 1 ^) , k((t)) x ) 9* Z/(p-l)Z x k x . 
Then we may assume that ft G t m pk x for some m p G Z, so //(#») = ft(t)t^ m P. As 

= agt me ip£ for some G /c x , G Z and ipp £ 1 + tk[[t]], we conclude that ^ = 1 and 
FT[ = p~p i- e -> that ^ 3(37^ does not depend on £. □ 

Lemma 4.3. If f(t) G flljvMM] ^ GLjv&((i)) a^d ^ > 2 then there is an element g(t) G 
GLjv&[[t]] such that the matrix ff(t) -1 j (t)g(t ) is blockwise upper triangular with at most 
two diagonal blocks: one invertible and constant, and another nilpotent modulo t. 

Proof. Fix an element A G GL^Zc sending first rk/(0) w coordinate vectors to Im/(0)^ 
and the rest to ker/(0)^. Then the matrix A~ 1 f(0)A is blockwise diagonal with two non- 
zero blocks, the first one invertible and the second one nilpotent. So we may suppose that 

/(*) = ( r< u I ■ wnere E G GL m fc [[<]], < m < N, H G fltjv-mMM] i s nilpotent modulo 



t, F G tMat mx ( N -m)k[[t]} and G G tMat (Ar _ m)xm 

Let C (t) = G^Eit)- 1 G tMat {N -m)xmk[[t}] and C j+1 (t) = (G(t) + H(t)Cj{t e ))(E(t) + 
FfyCj^)) -1 for any j > 0. By induction on j > 1 we check that Cj = Cj-i (mod it ). 
For j = 1 this follows from r|Co(t ). 



Suppose now that Cj = Cj-i (mod t ) for some j > 1. Then 

Cj if) = Cj-xtf) (mod f +1 ) , and therefore, 

(G(t) + H(t)C J (t")){E(t) +F(t)C 3 (t t )y l 
= (G(t) + H^C^it^m) + F(t)Cj-\{t l ))~ l (mod 

which is equivalent to Cj + \ = Cj (mod t iJ+ ). This implies that the sequence (Cj)j>o 
is convergent in tMat^ N _ m ^ xm k[[t]]. Denote by C(t) its limit. Then C(t)F(t)C(t e ) = 
G{t) - C(t)E(t) + H(t)C(t e ), and therefore, 

E(t) + F(t)C(t e ) F(t) 
G(t) - C{t)E(t) + H(t)C(t e ) - C(t)F(t)C(t e ) H{t) - C{t)F{t) 

E'(t) F(t) \ ( l m \ / l m 
tf'(i) ; \-C(t) l N „ m J J[l) \C(t e ) l N _ m 

where E' G GL m k[[t]] and H' is nilpotent modulo t, since C = (mod t). The rest follows 
from Lemma |4. II □ 

Lemma 4.4. Let S QN be a subsemigroup containing a pair of coprime elements q,£ > 2. 
If fp(t) £ GL/v&((i)) are upper triangular and f p (t)fe{t p ) = fe(t)f p (t e ) for all p G S, then 
there is an element g(t) G GLjv&((i)) suc/i £/iaf git)" 1 f p (t)g(t p ) G GLat/c /or aZZp € 5. 

Proof. We proceed by induction on iV > 1, the case N = 1 follows from Lemma 
14.21 Let / p (t) = ( ^ . By induction assumption, acting by a blockwise 

diagonal coboundary, we may suppose that A p G GLjv-i& and D p G A; x . The com- 
mutativity condition becomes A p B((t p ) + B p (t)D^ = A^B p {t^) + Bg(t)D p , or c p <pe(t p ) + 
¥> p (i) = C£(pp(t l ) + ifiit), where c p = ApD" 1 and tp p (t) = BpfyDp 1 . If we replace f p (t) 

by ««) = ( Y "? ) A ( 1 V T ) = ( t • 4 ' B(tP) ^ " ) to 

ip'f = (pt + c^B{t^) — B. After an appropriate choice of B G fcfi -1 ] ( as ht~ im is 'cohomolo- 
geous to c^ht-" 17 ), we may assume that <p t G (Ej=i * _i A;[i~^] + MMD^ -1 - 

Let i m c^ G ^[[i]]^ 1 for minimal possible m. Suppose that m > 1. Then m is not 
divisible by £ Let p G S — {1} be prime to t. By induction on s > 0, one checks that 
<p p (t) = $ s (t)4- c |+V P (^ +1 ) ; where $ s (t) = £* =0 " w(^ p )). Clearly, fc^]]" -1 

contains t^ 3pm< I> s (t), but does not contain tr pm ~ 1 $ s (t). As £ s+1 does not divide £ s pm, one 
has also i^ pm-1 c/? p (t) MM]^ -1 ) which is impossible for s S> 0. 

This contradiction shows that tpi G fe[[i]] -1 , i-e., that fe G GLjvfc[[i]]. 

By Lemma |4.11 we may suppose that fe G GL]yk. Then the commutativity condition 
becomes ftf p (t) = f p (t)fe, and thus, f p (t) G GLjyk for all p G S. □ 

Theorem 4.5. Let N > 1 be an integer, S Q N be a subsemigroup containing a pair of 
integers I > p > 2 such that the least common multiple [p — 1, . . . ,p N — 1] divides I, and 
containing a pair of coprime integers > 2. Then H 1 (S,GL]yk) H 1 ^, GLjvA;((t))). 

Proof. We proceed by induction on JV > 1, the case N = 1 being contained in Lemma 
14.21 For N > 1 let V be a semidinear representation of 5, which is A-dimensional over F := 
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k((t)). By Lemma ['2. II there is a vector v G V generating V as -F(cr)-module, where a := a p . 
Let a N v = Y^fjo 1 h i ' ajv ' where hj G F, and a = m&x < j<N G \p-i^ p N_-^ - Set 

v' = t pN l£a ■ a N ~ 1 Tv, where r = at. Then 

N-l N-l 
a N v , = t ^~Ha a N - 1 rh J ■ a^{a N - 1 rv) = £ t^^-^V^Thj • aV. 

3=0 j=0 

Set h\ = fP N ~ 1{ -P N -P^ la a N - 1 Th j . Then u(M) = p^" 1 ^ - pty(a + > 0, and 

mino<j<Ar v(hj) = 0. This means, that in the basis {v'av', . . . , a N ~ 1 v'} the matrix of a is 

/ ... h' ^ 
1 ... h[ 

V ... 1 fc^-l J 

where h'j G and h' m € A;[[t]] x for some < m < N, i.e., the matrix of a is not nilpotent 

at 0. Let m be minimal. According to Lemma 14.31 in an appropriate basis, the matrix 

r , , ( GL^-mk Matfcriill \ . „ . , , . x t t t t* 

or a belongs to _ , rr " , i.e, there exists a non-zero fc-subspace Wo C V 

V su™ J 

invariant under a and such that the natural map Wq (g)& F — > V is injective, and therefore, 
there is a non-constant polynomial P G k[T] such that kerP(cr) ^ 0. Choose such P with 
minimal possible degree (in particular, of degree one if k is algebraically closed). Then the 
natural map ker P{a) <S>k P — y V is injective. If P(a)v = then P(a)£v = for any £ G S, 
so kerP(cr) is S'-invariant. This implies that there is a basis, where the matrices of all 

elements of S belong to ( GL ° k M ^x(iV~ s )K(*)) \ wheve 1 < s = dimkerP(a) < N. 

\ U GL N - S k({t)) J 

By induction hypothesis, applied to V/ kev P(a) <g>fc F, there is a basis, where the matrices 

of all elements of S belong to ( ^^ s ^ ^ a ^sx(N-s)k((t)) \ Over k, the matrices of all 

\ GLat_ s /c J 

elements can be made upper triangular. It follows from Lemma l4.4l that over k the matrices 

of all elements can be made constant, and therefore, the same can be done over k. □ 



5. Purely transcendental extensions: reduction to the local problem 

Lemma 5.1. For each 1 < j < n fix a sub-semigroup Hj in End(k(t)/k) containing t i— > t j 
for some £j > 2. Suppose that the natural map Hom(Hj,GLNK) — ► H l (Hj,Gh^K(t)) 
is surjective for any extension K of k, where End(&(i)/&) is considered as sub-semigroup 
ofEnd(K(t)/K). Then Hom(n™=i Hj, GL N K) — ► H 1 ([\ 1 * =1 H j ,GL N K(x 1 , . . . ,x n )) is 
surjective for any n > 1 . 

Proof. Assume first that n = 1. Let (/ CT ) £ Z 1 (H, GL^R). Then f a = f\{x)~ l ■g <J -fx(ax), 
where g a G GLpjK and fi(x) G GLnK(x) for any a G H. Fix some a G k such that fi(a) 
is a well-defined element of GLjy-f^. Set f{x) := f\(a)~ l f\(x) and h a := fi(a)^ 1 g a fi(a) 
(so h a G GL^K). Then f a (x) = /(x) _1 • h a ■ f(ax) and f(a) = 1. As /o- G GLtv^(2;), we 
get f T {x)~ l ■ h T a ■ f T (ax) = f(x)- 1 ■ h c ■ f(ax) for any r G Gal(K(x)/K(x)) = Ga\(K/K), 
which is equivalent to f(x) ■ f T {x)~ l = h a ■ (f '(ax) f 7 ' {ax)~ l ){h T a )~ l . Looking at it's of 
type x ^ x 1 " we see that f(x) ■ ^(x)- 1 G f\>i GL^i?^ 9 ) = Gh N K. As f(a) = 1, 
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one has f T (a) = 1, and thus, f(x) = f T (x) for any r G Gal(K/K), so f(x) G GLjv-f^(x), 
and therefore, /i<j € GLjvi^(x) n GL^K = GLjyK. This means that the natural map 
Kom(H, GL N K) — ► H 1 {H j ,GL N K{x)) is surjective. 

Suppose now that n > 2. We proceed by induction on n. Consider a cocycle (/g) G 
^Hnj=i#i> GL Arif(xi,...,x n )). Set ° = (cri, 1, . . . , 1) G ffi and r = (1, r 2 , . . . , r n ) G 
n^=2^i- induction assumption there exist some f\(x), f 2 (x) G GLAriC(x) such that 
/v(x) := fi(x)f a (x)f 1 (ax)~ 1 G GLtvK(x2, . . . ,x n ) and /i T (x) := /2(x)/ T (x)/ 2 (rx) _1 G 
GWif^a). 

As the sub-semigroups Hi and IIj=2 commute, f (7 {x)f T {ax) = f T {x)f a {rx), which is 
equivalent to 

f 1 {x)~ l h a (x)fx((Tx)f 2 (ax)~ l h T (ax)f 2 ((TTx) = f 2 (x)~ 1 h T (x)f 2 {Tx)fi{Tx)~ 1 h a {Tx)fi((JTx). 

Set h(x) := fi(x)f 2 (x) . Then 

[fo(x) -1 /i CT (£)/i(<Tx)]/i T (<7x) = /i T (x)[/i(rx) _1 /i (7 (rx)/i((TTx)]. 

Looking at r's of type Xj I ^ X * 3 and powers of x^ for 2 < j < n, we see that 

h(x)~ 1 h a (x)h(ax) G P| GL A rA'(xi, Xg 2 , . . . ,x n ") = GLatK(xi), 
<?>i 

and therefore, 

/i (T (x)[^((7x)/i T ((Tx)/i((Tx) _1 ] = [h(x)h T (x)h(x)~ 1 ]h a (x). 

i 9 

Looking at it's of type x\ \— > x^ and powers of x-y, we see that h(x)h T (x)h(x) G 

i q 

D g >i GLatK(x 1 1 ,X2, . . . ,x n ) = GL A ri ; r(x2, • • • ,x n ), and therefore, 
(2) [h a (x),h(x)h T (x)h(xy 1 ] = 1. 

Fix some b 2 , ■ ■ ■ } b n G such that p(x) := /i(xi, 62, ... , 6 n ) G GLatET(xi) is well-defined. 
Then h(x)^ 1 h a (x)h(ax) = p(x) h a (xx, b 2 , . . . , b n )p(ax), or equivalently, 

g(x) := h(x)p(x)~ 1 = h a {x)h{ux)p{ax)~ 1 h a {xi, b 2 , . . . , bn)' 1 

G P| GL N K(x i 1 \x 2 , . . . ,x n ) = GL N K(x 2 , ■ ■ ■ ,x n ), 

and in particular, (J2J) becomes [g(x) _1 /i (J (x)g(x),p(x)/i T (x)p(x)~ 1 ] = 1. 
Set /(x) := q(x) fi(x) = p{x)f 2 {x). Then 

r CT (x) := f(x)f a (x)f(ax)~ 1 = q{x)~ l h a (x)q{ox) = q(x)' 1 h a {x)q{x) G GL N K(x 2 , . . . , x n ), 
r T (x) := /(x)/ T (x)/(rx) _1 = p(x)/i r (x)p(rx) _1 = p(x)/i T (x)p(x) _1 G GL A ri ; C(xi) 

and [r CT (x), r T (x)] = 1. 

Then the commutation condition r a {x)r T {ax) = r r (x)r cr (rx) implies that 

r T (x)~ r T {ax) = r cr (x) _1 r -(Tx) G GLjv-K"(xi) n GL^-f^^, . . . , x n ) = GW,nK, 
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so r a (x) G Dg>i GLnK(x\, x^ 2 , . . . , x$) = GLnK(xi) and 

r T (x) G | I GL N K(x 1 1 ,x 2 , ...,x n ) = GL N K(x 2 , . . -,x n ), 
?>l 

and thus, (r^(x)) G Hom([]" =1 iTj, GL/vif) and it projects onto the class of (f^(x)). □ 

Lemma 5.2. Xe£ (/o-) 6e a 1-cocycle on H := k x x Z^q ttfii/i values in GL^k(x). Suppose 
that /f(x) is regular at 0, where £x = 2/ /or some £ > 2, and p£°o C k. Then the L- 
semi-linear H -representation corresponding to (f a ) is induced by a k-linear representation 
ofH. 

Proof. In a standard manner, we embed k(x) into k((x)). Let f^ 1 = A + B, where 
A G GL N k and B G xg^/c^x]]. 

As A""- 1 /^! = A - " -1 ^ + ^-B)/^ 1 = A""/^ 1 + A -5 " 1 • £ s £ • /-*, there is the limit 
/ := lim A -5 /," 1 G ljv + xQl N k[[x}]. 

As explained in the group GL^L maps bijectively onto Z l ((^, p,g<x>), GL^k(x)). If 
£'x = \x q for some A G k x and q G Z^o then ££' = ^'C 9 for any £ G )U#x>, so • = 

• 67c* ■ Usin S expressions for / c we get / _1 • C(/ 7?') = • 67 -1 • £'( q f, or equivalently, 
/•/«'• 67" 1 = C(f ■ h> ■ CI- 1 ), and therefore, / • ■ £' f~ l G Gh N k((x))^ = G~L N k, i.e., 
f^i = / _1 • g^> ■ ^7 f° r an y 6' an d some 1-cocycle gg' G GLjv/c. 

We may suppose that k = C. Then A^ 13 ^ 1 ■ £ S B ■ f^ s can be bounded by c • (A 2 • ||A|| • 
||A _1 ||) S • |x|^ s , so / is holomorphic in a neighbourhood of 0. As / = g^i ■ £'/ ■ f^i , taking 
smaller and smaller A G Q, we see that / extends to a meromorphic function on C. The 
involution x 1— > x _1 shows that / is rational, and thus, (g a ) belongs to the class of (fa). □ 

Lemma 5.3. Let N act on (k x ) n by £(X) = X 1 for any A G (k x ) n . Then the restriction to 
(k x ) n of any non- degenerate k-linear representation p of H := (k x ) n x N of finite degree N 
is unipotent. (In particular, trivial on p 1 ^.) 

Proof. One has p(X) = p(£) ■ p(\ ) ■ p(£) _1 , so the raising to the l-th. power induces a 
permutation of the eigenvalues of p(X). In particular, the raising to the ^ ! -th power is the 
identity map of the set of eigenvalues of p(X), i.e., the eigenvalues of p(X) form a subset of 
P£N\_i for any i > 2. Then the eigenvalues of p(X) belong to the set P£N<_i D P(e N '--i) N '--i = 
{1}, and thus, p(X) is unipotent. As p(X) is diagonizable for any A G p^, we get p(X) = 1 
ifAG^So- ' □ 

Proposition 5.4. H l ((Z^ x k x ) n ,GL N k) H x ((Z^q k k x ) n ,GL N k( Xl , . . . ,x n )), if k 
contains all l-primary roots of unity for some I > 2. 

Proof. By Theorem 14.51 for any extension K of k any class in H 1 (Tj-lq x k x , GLj^K(t)) 
admits a representative with regular at 0, where £t = t £ for some £ > 2. 

Then, by Lemma H\Z^ x k x ,GL N K) fl^Z^ x fe x , GLjy^t)). By Lemma 
EH H l ((Z^ Q x A; x ) n , GLat/c) surjects onto ^((Z^ * ^ x ) n , GLjvfc(xi, . . . , x n )). □ 

Corollary 5.5. Restriction to Mat^^°Z x T and inclusion GLjyk C GLatL induce a 
natural bijection F 1 (GL n Q x (T®Q),GL N k) -^-> H 1 (Mat^f °Z x T, GL N L), if k contains 
all £-primary roots of unity for some £ > 2, where L := k(x±, . . . , x n ) and T = (k x ) n . 



Proof. By Proposition 15.41 any class in H 1 (Mat^^°Z x T, GL^rL) is represented by a 
cocycle with constant restriction to tx T. For any A G Mat^^Z and any /x G T tors one 
has X o fi x = fi o X, so by Lemma E21 /a(x) = f\(x)f^x(x x ) = / m (x)/a(/U • x) = / A (jU • x), 
i.e., f x (x) G GLjvfc^i, . . . ,x„) Ttors = GLatA;. □ 

6. Main theorem 

Lemma 6.1. Let h(t) G GL^k(t) be a function in one variable such that /i(x _1 ) = h(x)^ 1 
and h(x)h(y) = h{xy — x + \)h{xy(xy — x + Then h is regular on G m — {1}; 

the values of h generate a closed algebraic connected subgroup H ofGL^k; 

the unipotent radical H u of H is commutative, coincides with the commutant of H and 
with {h{ti) ■ ■ ■ h(t m ) | m > 2, t%, . . . , t m G k x - {1}, t 1 ---t m = 1}. 

Proof. Let £ be the set of poles of h(x) 1 , a G k x — {1} and b G k x be outside of the finite 
set EuJiS-i + ljU^l-E- 1 )- 1 . Then/i(x) = h{{b-l)x+l)h{bx{{b-l)x+l)- l )h{b)~ l 
is regular at o, so E C {0, 1, oo}. 

Let x\, . . . , x m be variables. Set Xj : — x\ • ■ ■ Xj_i(xj — 1) for all 1 < j ' < m. Let <7j be 
the automorphism of L := fc(xj, . . . , x m ) = k(Xi, . . . , X m ) over /c such that 

Xj if i < j — 2, or i > j + 1 

Xj(xj+i - 1) + 1 if« = J 

XjXj + i(xjXj + i — Xj + if i = j — 1 

Then o~i{h{xi) ■ ■ ■ h(x m )) = h(x\) ■ ■ ■ h{x m ) for all 1 < i < m — 1. Denote by © the group 
of automorphisms of L generated by oi, . . . , o m -\. As 

X! • • • x i _ 2 (x i „ 1 x j - x^! + 1) ( ,. J.; ;,:'/ , . , - 1) = -Xj-1 if i = j 

xi • • • Xj_iXj(x i+ i - 1) = -Xj+i if i = j - 1 



o~iXj 



Xj otherwise 



S is isomorphic to the symmetric group S m , and h(x\) ■ ■ ■ h(x m ) G GLnL & . 

Let a G S be such that uX,- = AT m _j + i for all 1 < j < m. Then o~(Xj + - • = 

Im-j+i + X m - j+2 H h X m = xi • • • x m - xi • • • x m _j. As xj = ^x^+.^+Xi"^ 1 ^ 1 ' we Set 



X\ - ■ -Xm XI ■ ■ -X m — jj^. 

X\ ' ' ' Xm X\ ' ' ' X m —2 ~\~ 1 

X\ ' ' ' X m X\ ' ' ' X rn —\ -\- 1 

. X\ • • • X m X\ + 1 \ f X\ • • • X m 



h(xi) ■ ■ ■ h(x m ) = h(x 1 ■ ■ ■ x m - xi • • • x m _i + l)h 



X\ ■ ■ ■ X m — X\X2 + 1 / \Xl ■••Xm — Xl + 1 

Then for any t±, . . . , t m G k x — {1} such that t% ■ ■ ■ t m = — 1 we get 

Hh) ■ ■ ■ h{t m ) = hit' 1 ) ■ ■ ■ hit- 1 ) = ihih) ■ ■ ■ hit m ))-\ 

or equivalently, • • • hit m )) 2 = 1. 

Let H be the subgroup in GL^k generated by hit) for all t G k x — {1}, and S = 
• • • hitm) j m > 2; t\, . . . , t m G k x — {1}; t\ ■ ■ ■ t m = 1}. Clearly, S is a subgroup of H. 
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One has h{-l)Ah{-\) = A' 1 for any A G S, so h{-l)ABh(-l) = A^B' 1 = B^A' 1 for 
any A, B G S, which means that S is abelian. 

Let (G m - {1}) M ^ H sends (h,..., t M ) to h(h) ■ ■ ■ h(t M ) and P M := {(t u ...,t M )S 
(G m -{1}) M \t 1 ---t M = l}. 

Then 7r M +2^i, • • • ,tjw,M -1 ) = vr M (ti, • • . ,*Af) and 7rAf +3 (ti, . . . , t M , t, 1 + C~ C* -1 ) ((! + 
C)t - C) _1 ) = 7TAf(*l, . . . so Im(7r M -3) C Im(7r M ) 5 Im(7r M -2) and Im(ir M -3\p M _ 3 ) C 

Im(7rAf|p M ) 2 Im(7TM-2|p M -2)- As (®m ~~ {1}) A/ and its subset P^f are irreducible, this 
implies that H and S are closed algebraic connected subgroups of GLjyk. Clearly, [H, H] C 
5, so H is solvable. 

As S is connected, one has S = S 2 (the set of the squares of the elements of S), so, in 
view of [H,H] D [h(— = S" 2 , we get S 1 = [iJ, i?]. By Lie-Kolchin theorem, we may 
conjugate H by an element of GLjv& so that it becomes upper triangular, and S is contained 
in the unipotent radical of H. 

If N = 1 then 5 = [H, H] = {1}, so h(x)h(y) = h(xy), and thus, h is a cocharacter. This 
implies that for any N > 1 the diagonal of h is a cocharacter. 

As the unipotent radical H u of H coincides with the set of unipotent elements of H, one 
has 

H u = {h(ti) ■ ■ ■ h(t m ) | (*!••■ f m )( mi '-> mjv ) = 1} = 5 U |J fc(C)S, 

C6/ t (m 1 ,...,m JV )-{l} 

where the diagonal of h(t) is diag(t mi , . . . ,t mN ). As -ff u is connected, one has H u = S. □ 

Lemma 6.2. Keeping notations of Lemma \6.1l let f G GLtvA; be a unipotent matrix nor- 
malizing H. Suppose that h(x)h(2 — x" 1 ) = f • h(2x — 1) • Then h(x)h(y) = h(xy). 

Proof. Zariski closure of the subgroup generated by / is connected, as well as any other 
closed abelian unipotent subgroup. Let H be the Zariski closed subgroup generated by / 
and H. Then H is solvable and connected, so we may assume that it is upper triangular. 

By induction on N, the case N = 1 being trivial, we check that there is a diagonal matrix 
in the GLArfc-conjugacy class of h(t). 

Let * >_ , One ta h{t] - ( *f ) e ( ^ ^ ), w„ ere an 

upper triangular A(t) 1 G GL/v— \k(t) and M(t) G A;(i) x satisfy the same conditions as h(t), 
so we may suppose that A(t) is diagonal. 

The condition h{t)~ l = h^" 1 ) gives s^ 1 ) = -A(t)#(t)M(t) -1 . Set := A(t)g(t). 
Then u(t) = -g(t- l )M{t) = -A(t)u(* _1 )M(*). 

One has 

A(xy)- 1 A(a;) _1 5(y) + g(x)M{y) 
M(xy) 



h(x)h(y) 



so A(a;) -1 <7(y) +g(x)M(y) = A(xy — x + l)~ 1 g(xy(xy — x + l)" 1 ) + <?(xy — x + l)M(xy(xy — 
x + Multiplying both sides by A(x) on the left and by M(y) _1 on the right, we 

get v(x) — v(y~ 1 ) = A(y)~ 1 v(xy(xy — x + l)~ 1 )M(y)~ 1 — A(x)v((xy — x + l)~ 1 )M(x), or 

li 



equivalently, 

(3) v{x) - v(y) = A(y)v(X)M(y) - A(x)v(Y)M(x), 

where we set X = x(x — xy + y)^ 1 and Y = y(x — xy + y)^ 1 . 
Taking the partial derivative d/dx of both sides of © gives 



1 xil - y) 

x — xy + y (x — xy + y) 

2/(1 - y) 
(x -xy + y) 



( 4 ) A*) = ( — — " ... )2 J MyW(X)M(y) - A'(x)v(Y)M(x) 

A(x)v{Y)M'(x) + t _ VK± _~ y) ^ A(x)v'(Y)M(x). 



Taking further the partial derivative d/dy of both sides of Q gives 

V , ( 1 2(1 -x)y 

(x - xy + y) 



A'(yK(A)M(y) + (- l — T2 - 2(1 X J V ) A(y)v'(X)M(y) 

\(x — xy + y) z (x — xy + y) A J 



+ , l }\, A(y)v"{X)M{y) + y -^A(y)v'(X)M'(y) 

(x — xy + yp (x — xy + y) z 

/ 1-2, _ 2jl-xMl-y) N A , , 
\{x-xy + y) 2 (x - xy + y) 3 J 

V-tr4)' AW "' ,(r)MW=0 - 

As XIX - 1) = y(y - 1) = ( xy(y -% , 2X-1 = 2^±f^ and 1 - 2Y = 

v ' (x—xy+yY ' v * (x—xy+y)^ ' x—xy+y x—xy+y ' 

multiplying by (x — xy + y) 2 , we get 

X(X - l)A(y)v"{X)M(y) - Y(Y - l)A(z>" (Y)M(x) 

+ yA'(y)v'(X)M(y) - xA' (x)v' (Y)M(x) + (2Jf - l)A(y)v' (X)M(y) 

- (2Y - l)A{x)v'(Y)M(x) + yA(y)v'(X)M'(y) - xA(x)v'(Y)M'(x) = 0. 

As x/y = X/Y, multiplying by A(X)" 1 A(y)" 1 on the left and by M(y)~ 1 M(X)~ l on 
the right, and using yA'(y)A(y)~ l = A'(l) and yM'(y)M(y)~ 1 = M'(l), we see that the 
function 

(5) x(x - i)A(xy 1 v"(x)M(xy 1 + A(xy 1 A'(i)v'(x)M(xy 1 

+ (2X - i)A{xy 1 v'(x)M(xy 1 + A(xy 1 v'(x)M'(i)M(xy 1 

is invariant under X <-» y, i.e., it is constant. 

Let = X~\X - 1)- 1 A(X(X - 1)- 1 )^(X)M(X(A - l)" 1 ). Then 

""<*> -{^xh) - (*V Uh) A (^) 
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and therefore, the function (JSJ) coincides with 

A(X - l)- 1 ip'{X)M(X - l)" 1 = A G fc^- 1 . 

This implies that (f'(X) = A(X — 1)AM(X — 1) is a Laurent polynomial in X — 1. It follows 
from the rationallity of p that <p(X) = (I-1)A(I-1)BM(I-1)+C for some B, C G k N ~ x , 
and therefore, v'{X) = X- 1 A(X)BM(X) + X- 1 (X-1)- 1 A(X(X-1)- 1 )CM(X(X-1)- 1 ). 

It follows from the rationallity of v that 

v(X) = A(X)DM(X) + A(X(X - iy x )EM(X{X - l)" 1 ) + F 

for some D,E,F G k N ~ 1 . 

The condition = -A(t)" 1 ?;(t)M(t)" 1 is equivalent to D + A(X - l)~ l EM(X - 

l)- 1 +A(X)- 1 FM(X)- 1 +A(X)- 1 DM(X)- 1 +A(l-X)- 1 EM(l-X)- 1 +F = 0. Rewriting 
it as {D+F)+A{X){D+F)M{X)+A{X{X-l)- 1 )(E+A{-l)EM{-l))M{X{X-l)- 1 ) = 0, 
we see that adding to (D, E, F) of a multiple of (D + F, E + A(-1)M(-1),D + F) does 
not change v, so we may assume that F = —D and E + A(— 1)£'M(— 1) = 0, and thus, 
g(t) = DM(t) + A(t - l)- l EM(t(t - I)- 1 ) - A^^D. 

As 

1 —D \ ( A -1 5 \ / 1 D \ _ ( A" 1 g — DM + A~ l D 
o lyVo M ) \ 1 ) ~ \ M 

( A^)- 1 A(t- l)~ x EM . 
V M j 

we may suppose that D = and = iimj — m^ = 1 (since then (A(i — 1) .EM = 
(A(t) _1 i? - EM(t))j). 

It is easy to see that h(x)h{y) = h(xy — x + l)h{xy(xy — x + l) -1 ). The condition 
h(t~ l ) = h^)- 1 is equivalent to A(t(l - t)- v )EM (1 - fp 1 = -A(t(i - ly^EM^ - l) -1 , 
which is the same as -E 1 = — A(— 1)EM (— 1), and thus, Ej = if rrij — ttim is even. 

Now suppose that for some unipotent f = ( ^ ] G GL^k one has 



1 



/ A(x)- 1 A(x - l^EM (^) \ = ( A(x)- 1 
\ M(x) ) \ 



M(s) / 

Then AA(x) -1 = A(x) _1 A, which is equivalent to A™ = if m, ^ rrij, and 

AA(x - iy l EM(^—) + BM(x) = A(x)~ l B + 2A(— )EM(^—)D. 

x — 1 x — 1 x — 1 

These conditions imply that ^(1 - x m *- mjv ) = (2 m Jv-™,+i^. _ ^ AijEj)(x - 

j:mi=mj 

and thuS) jg . = o and 2 mjv - m * +1 Ei = X] ^ii-Ej if m - m N ^ {0, 1}. 

This implies that 2 mN - m * +1 E l = (AE)i for all i, and therefore, A(2)- 1 AE = 2 niN+1 E, 
or equivalents, (A - 1)E = (2 mjv+1 A(2) - 1)E. Then = {A - l^^E = (2 mN+1 A(2) - 
l^^E, and thus, (A(2)~ 1 - 2 mN+1 )E = 0, and therefore, (m, - m N - l)Ei = for all i. 
This means that E = 0, i.e., hit) is diagonal. □ 
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Lemma 6.3. Let [i^ c k for some £ > 2 and L : = A;(K). 

(1) Let P be the stabilizer of a hyperplane H in P^, and U the unipotent radical of 
P. Let V be an L- semi-linear P -representation. Suppose that the restriction of V 
to a maximal torus T C P is induced by a unipotent representation of degree N . 
Then there is a U -invariant? k-lattice Vq inV with unipotent action of U such that 
0pi(P£ — H) ®k Vo is canonical and P -invariant. 

(2) //, moreover, V is an L-semi-linear G -representation, where G = Aut(K/fc) with 
n>2, then V is the generic fibre of a coherent G -sheaf on P?. 

Proof. 

(1) We shall consider U as a /c-vector space and identify the action of GLfc(C7) with the 
adjoint action of P/U = GL n k. 

Let {f a ) G H 1 (P,GLnL) be the class of V. We may suppose that fx G GLpjk 
is unipotent for any A G T, and in particular, f\ = 1 for any A G T tors . Then 
f\u(x) = fx~ 1 fu(^~ 1 x)f\ for any u G U and A G T. Choose a splitting T = (G m ) n 
(which is equivalent to ordering of (n + 1) points of P£ fixed by T) and for each 
1 < j < n choose some non-zero Uj G U fixed by Tj := /A^ x {1} x /i™ 00 J . Then 
fuj(x) G GLjv-^ Tj = GLjvfe(xj), where TXj = TjXj for any r = (ri,...,r n ) G T, 
which implies that f Ui {x) and f u (y) commute for any i ^ j. 

Set fy(t) := f Uj {^i) G GL N k(t). Then, as 

f U] {x)f\ U] {x + Uj) = /(i+A)«j(aj) = fxu^fu^x + Anj) 
for any A £ fc x C T, we get 

(6) • / A - X %(1 + A - A • t-^/A = /r + \^((l + A)i - A)/ 1+A 

= tfhm - 1) + • ^i( ^ + _ A l) + i ) 

if A G k x - {-1}, and = if A = -1. 

If A = 1 this gives h j (t)h j (2 - t' 1 ) = f 2 1 h j (2t - l)/ 2 . Setting y := 1 + A - At -1 , 
we get hj(t)hj(y) = hj(ty — t + _^f +1 ) if A G /igc». As /Z£°o is Zariski dense in 

G m , this identity holds for arbitrary t and y. Then hj(t) satisfies the conditions of 
Lemma 1^2*1 so hj(x)hj(y) = hj(xy). As f Ui {x) and f Uj {v) commute, the same holds 
for hi(x) and hj(y), so hj(t) = C _1 •diag(ij llj , . . . , t™ 1 * 3 )-C for some C G GL^rfe and 
some my G Z. This is equivalent to f Uj {x) = C _1 • diag((l + Xj(uj)/xj) mi ^ ', ... , (1 + 
Xj[uj)/xj) mN i) ■ C. 

One sees from (jHJ) that if /a an d /^ commute with for some A ^ —/j, in k x 
then /a+^ and /a^ also commute with hj(t). For any root of A in k the element 
ffi belongs to the Zariski closure of the subgroup generated by f\, so f\ commutes 
with hj(t) for any A in the radical closure koo of Q in k (defined in 

Set g(x) = YYj=ihj(xj) and g\(x) := g(x)f\(x)g(\x)~ 1 for any A G P. Then 
9u(x) = 1 for any u in the /coo-subspace Uq of J7 spanned by u±, . . . ,u n . 

For any A G P and any u & U one has g\(x)g\-i u \(\x) = g u {x)g\(x + u). If 
A G C/o we see that g u is constant. As U is normal in P, this shows that, for 

2 more generally, invariant under the normalizer in P of a fcoo-lattice in U. 
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arbitrary A G P, the poles of g\(x) are [/-invariant, so g\(x) G GLjyfc[a;]. In other 
words, the submodule Vh '■= Cp™ (P& — P) ®fc V' C7 ' is P-invariant. As all fcoo-lattices 
Uq form a single P-orbit, Vh is independent of the choice of Uq. 

For any A G P and any u £ Uq one has <7aOe) _1 <7aOe + it) = 9\-^ u X e GLjvfc, 
so one sees that g\(x) G GLtv& for any A in the normalizer of Po in P and that 
r A (u) := # A (a;) -1 ^^ + u) G GLftrfc[u]. Then g x (x) = g\(Q)r\(x). Note that 

r\(u)r x (v) = g\{x)~ x g\{x + u)# A (> + uy 1 g x {x + u + v) = r x (u + v), 

i.e., r A : P — > GL^k is a polynomial homomorphism and r\ = 1 for any A G P. 

In particular, the restriction of V to P is induced by a unipotent representation 
trivial on Uq. 

(2) As we know from the first part, for any hyperplane H and any A^-lattice Uq in the 
unipotent radical U of Stab// the submodule Vh '■= 0$>n(F^—H)ig)kV Uo is canonical 
and Stab//-invariant. Then the submodule V p := £W, p <8>fc V of V is also indepen- 
dent of the choice of Uq, and the group Stab p n Stab// acts on V p . Let, in notation 
of the first part, r u :n-> ^ be an element of the unipotent radical of Stab p , 
where u is a A:-linear functional on U. Then g\(x)g x -i TuX (\x) = g Tu {x)g\{ l+ ^ u x ^ ) 
for any A G Stab p n Stab//. As g\(x), g\{ 1+ ^ ^ ) G GLjv0p£,p, we see that the 
singularities of gruf^) 1 * 11 in the formal neighbourhood of p are invariant under the 
action of the centralizer of t u in Stab p n Stab//, i.e., g Tu (x) G GL^O p [{u, x)^ 1 ]. 

We see from g Tu (x)g Tv ( 1+ ( u ^ ) = 9r u+v ( x ) that 9r u (x) G GL N O p if n > 2, i.e., 
that V p is invariant under the action of the unipotent radical of Stab p , and thus, 
under the action of Stab p itself. As all hyperplanes avoiding a point p form a single 
Stab p -orbit, the submodule O p <S>k V U ° of V is independent of the choice of the 
hyperplane, so we get a coherent sheaf V CV. □ 

Lemma 6.4. Let fj,g<x> c /or some £ > 2 and L := fc(P^) mf/i n > 2. Let V be an L-semi- 
linear G '-representation, where G = Aut(P^//c) = PGL n+ i/c. Suppose that the restriction 
of V to the stabilizer P of a hyperplane in P^ is induced by a representation of degree N 
trivial on the unipotent radical U of P. Then V is isomorphic to the L- semi-linear G- 
representation corresponding to the generic fibre of a G-equivariant coherent sheaf on P^ of 
rank N. 

Proof. There is a representative (g\) G Z l {G, GLatL) of V such that g\ G GL^rA; for any 
A G P and g\ = 1 for any A G U. As G is generated by a finite number of conjugates of 
U , the GL^v-valued function g\(x) is rational on U X& G, which implies that the coherent 
sheaf of Lemma 16.31 (J2J) is G-equivariant. □ 

Theorem 6.5. Let /j,£°o C k for some £ > 2 and L := k(¥2). Let n > 2 and V be a (non- 
degenerate) finite- dimensional L-semi-linear End(L/fc) -representation. Then the restriction 
of V to G := Aut(P^//c) = PGL n+ i/c is isomorphic to the L-semi-linear G -representation 
corresponding to the generic fibre of a coherent G-sheaf on P/J? G-equivaviant if k — k^. 

Proof. Fix a maximal torus T C G and corresponding coordinates x%, . . . ,x n . In fact, V 
is an L-semi-linear representation of the semi-group generated by G and for all 

p G 2^0' Proposition [231 the restriction of V to T x is induced by a representation. 
Then, by Lemma 15.31 the restriction of V to T is induced by a unipotent representation. 
Lemma 16.31 produces a coherent G-sheaf on PJJ, and Lemma 16 . 41 implies the rest. □ 
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Remark. Let Q be a finite-dimensional /c-vector space, G = PGL(Q) and V be a coherent 
G-sheaf on P(Q). Then there exists a fc-linear representation W of G of finite degree and 
an isomorphism of V onto a G-sub quotient of W CEDfc Owgy (Proof. For m sufficiently 
big the natural GL(Q)-equivariant pairing T(F(Q),V(m)) ®0(—m) — ► V is surjective. As 
0(—m) C Sym m Q(g)fcO, we can take the fc-linear G-representation T(F(Q), V(m))<8>fcSym m G; 
as W. □) 

7. Admissible semi-linear representations 

Let G = Gp/ k be the automorphism group of an algebraically closed field extension F of k 
of countable transcendence degree. This is a topological group with base of open subgroups 
{G F j k i x ^ | for all x G F}, more details can be found in [K| . 

7.1. A forgetful functor. Let L\ C L2 C £3 C . . . be a sequence of purely transcendental 
extensions of finite type over k. Set L^ := U?>i Ar Assume that i 7 is algebraic over L^. 

Let be the category with objects V\ Vi V3 . . . , where 

• Vj is an Lj{Gj Jj /j.)-module for each j > 1; 

• Vi ^ Vj is a morphism of Li{G{ L . <Li y/ k ) -modules for all i < j (here G {L ^ Li y k is 
the group of automorphisms of Lj over /c inducing automorphisms of Li); 

• V s = Vi fl Vj 1 s for any s < i < j. 

The morphisms are defined as commutative diagrams 



Vi 


- v 2 


V3 


fx i 




^3 1 


v{ 







where </3j is an Lj-linear morphism of G^y^-modules. Clearly, V is an additive /c-linear 
category with kernels. 

Lemma 7.1. £ei Lq d L\ <Z L 2 d F be a pair of non-trivial purely transcendental exten- 
sions of finite transcendence degree. Let H be a subgroup of Gip x^/Lo projecting onto a 
subgroup of G^ 2 /^ containing the permutation group of a transcendence basis of L2 over 
Lq extending a transcendence basis of L\ over Lq. Then the subgroup G' in G generated by 
G F / Ll and H coincides with G F / Lo . 

Proof. If we could show that Gp/^r Ll \ C G' for any £ G G F j Lo then G' would contain 
an open normal subgroup in G f /l . It follows from the simplicity of G p ,j^ (Theorem 
2.9 of [H]) that G' = G f /l . Let xi,...,xn be generators of L\ over Lq, and yi,...,yN 
be generators of £(L\) over Lq. By induction on A we check that there exist a, r G G' 
such that crxi, . . . ,o~XN,Tyi, . . . ,Tyw are algebraically independent over L 2 . Then there 
is a G G F / L2 such that yj = T~ x aaxj for all 1 < j < N, and therefore, G F i^i Ll \ = 
T^aaGp/L^T^ao-y 1 C G' . 

Let A = 1. If y\ G Li then there is r G H such that = ry\ (jL L\. If yi Li then 
there exists r' G G F / Ll such that r'y'i ^ £2- 

Let A > 1 and yi, . . . , yjv-i be algebraically independent over L2. Suppose that the 
elements yi,...,yjv are algebraically dependent over L2, i.e., P(yi, . . . ,Vn) = for some 
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minimal polynomial P G L$T\, ■ ■ ■ , T/v] — Lq[T\, . . . , TV] with a coefficient equal to 1. 
If yi,..., yiy are algebraically independent over L\ then there is a G Gp/^ such that 
cn/i, . . . ,cryN are algebraically independent over L 2 . 

If P G Li[Tx, . . . , T/v] then there exists a G H such that at least one of coefficients of the 
polynomial aP over L 2 is outside of L\. As one of coefficients of aP is equal to 1, we see 
that ayi, . . . , at/N are algebraically independent over L\. □ 

Remark. Similarly, one checks that Gp^/p. and G^p oo ^p j y/p a generate Gp oo /p a for any 
s < i < j. 

For a semi-group H of endomorphisms of an extension K oi k denote by &£(H; K) the 
(abelian) category of smooth semi-linear representations of H over K. 

Corollary 7.2. Sending V to := V F / L °° defines a faithful functor 

e£(G;F) SiXEndOLoo/fc);^). 

Proof. Let -ff be the sub-semigroup of G consisting of the elements inducing endomor- 
phisms of Lqo. As H dominates End(L oc /A;), the latter semi-group acts on V^. 

To check that Voo is smooth, note that any v G V"oo is fixed by the sub-semigroup 
H generated by Gp/p x and End(L/L) for some L C F of finite type over k. There 
is N > 1 such that L C L^, so D (G F/Loo , End(F/L^)). By Prop.2.14 3 of [R], 
H D End(F/L7v) 13 End({F, L^/Ljy), i.e., the stabilizer of f G V"oo contains the open 
sub-semigroup End(L 00 /Ljv)- 

Clearly, 1 — ► Voq^l^F and V 1 — ► y F / io ° define equivalences between the categories 
S£(End(L oc /fc); Lqo) and &£(H;F) inverse to each other. □ 

Lemma 7.3. The categories &£(Gp oo / k ; Loo) and V are equivalent. 

Q L L 

Proof. By Remark after Lemma 17.11 1 — ► (Voo °° J )j>i defines a functor to V. 

To construct the inverse functor, one has to recover the G^^/^-action on the Loo-space 
Voo ■= Uj>i Vji 01 equivalently, G Loo / k x V s — ► for any s > 1. As V s C Vg+i C . . . , we 
know the action of the elements of the closure of the set T s := Uj> s ^{L x ,Lj}/k on Vs- 

For any s > 1, any N > 1 and any pair xi, . . . , xjy and yi, . . . , yyv of collections in L^ 
complement able to sets of generators of L^/k there is M > N and a G G{ Loo p M }/ k such 
that ax, = yj for all 1 < j < iV, and therefore, the closure of T s coincides with Gx 

G L L 

Any subfield of Lqo of finite type over k is contained in some Lj, so Voo = Uj>i Voo °° 3 
for any smooth /^.-module Voo, and thus, our functors are mutually inverse. □ 

Lemma 7.4. The composition of with the equivalence of Lemma \7.3\ is given by V 1 — ► 
{V 1 ^V 2 ^V 3 ^ ...), where Vj = V Gp/L i . 

Proof. By Lemma 6.1 of R , V Gp / L ™ = [j LcLoo V° F / L , where L runs over subfields of 
finite type over k. Then such L are contained in appropriate Lj, so V F / L °° = (Jj>i V F/Lj ■ 

^Let L 1 and L2 be subextensions of k in F such that Li p| L2 is algebraic over Li f] L2 and tr.deg(F/I/2) = 
00. Then the subgroup in G generated by Gp/L l and Gf/l 2 is dense in Gp/^r\ l 2 . 
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The composition of $ with the equivalence of Lemma 17, 31 is given by V i— > (loo °° J )j>i- 
If v E v£ Loo/L3 = V G ^ L ^/ L " then there is i > s such that v G V*. The subgroup 
Gj^LocLO/is of ^{-F.ioo}/^ acts on ^ and its action factors through G Li / Ls , so«£^ il/Ls . 
Then for any j > i one has v £ V i Ll/ILs dVj j s . Now Lemma 17. II implies that v & V s , 
i.e., y^ Wis =V S . □ 

7.2. It is shown in [H] that the category of pure covariant motives over k (defined using 
numerical equivalence) can be considered as a full subcategory of the category of graded 
semi-simple admissible G-modules of finite type. It is therefore desirable to know, whether 
the inverse inclusion holds. 

Any admissible representation W of G has the property that W F ^ L = W F I L> for any 
extension L of k in F and any purely transcendental extension L' of L in F. Such smooth 
representations form a Serre subcategory, denoted by Xq, in the category of all smooth 
representations Smc (cf. §6 of [R|). 

x 

The inclusion functor Xq — ► Swiq admits the left adjoint SrrtQ — ► Xq. For an irre- 
ducible variety Y over k denote by C k ( Y ) the image under X of the free Q-space with a basis 
given by the set of all embeddings of the function field k(Y) into F over k. Clearly, C^y) 
surjects onto CHq(Yf)q and there are several reasons to expect that C k ry\ = C Hq(Y f )q 
when Y is smooth and proper. 



Conjecture. 

(1) Any irreducible object of Xq is contained in an admissible .F-semi- linear represen- 
tation V of G, i.e., such that dim F u V u < oo for any open subgroup U of G (or 
equivalently, dim^ V Gp / L < oo for any subfield L C F of finite type over k). 

(2) Any irreducible admissible F-semi-linear representation of G is contained in the 
tensor algebra (£) F &pi k ■ 

Remarks. 1. To show the existence of smooth irreducible representations of G not 
contained in the tensor algebra (£) F Q F ^ k , cons ider the G-module W = Q[G/G| F ^yjy fc ]° , 
which is the same as the linear combinations of degree zero in the Q-space with the basis 
given by all algebraically closed subfields in F of transcendence degree 1 over k. 



For any x,y € F — k algebraically independent over k, the vector e = [k(x)] — [k(y)] is 
cyclic, since ae — e = [k(ax)] — [k(x)] for any a € G, F khj)\ This means that W admits 
an irreducible quotient. 

Then Hom G (lf,r) (W'f^. As Stab e = G {FM ^ m}/k , we see that (W') st ^ = 

^I^^Ir^)/fc) G{II ^ T ' IR ' ie}/fc = /c ' if W> = ®f^f//c Le -' an y morphism W — >W 
factors through W — ► k <— * W . Then — <p(e) = <p{ae) = atp(e) = 93(e) for any a € G such 
that ax = y and ay = x, and thus, tp(e) = 0. This shows that no non-zero quotient of W 
can be embedded into (£) F tipi k - □ 

2. It is known (cf. Prop. 5. 4 of |R ) that any smooth semi-linear representation of G 
finite-dimensional over F is trivial. 
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3. The following claim implies that the admissible semi-linear representations of G form 
a tensor category. 



Lemma 7.5. Let E be either F or any field of characteristic zero with the trivial G-action, 
and WijWjj be smooth semi-linear representations of G over E. Then, for any extension 

LdFofk, one has (Wi ®e W 2 ) Gf ' t = wf F/r ® g f/T wf F/I ' . 

(This is not true if tr.deg(F/k) < oo. Namely, let W\ and W 2 be of degree one, non-trivial 
and dual to each other. Then (Wi ® E W 2 ) G = E G , but Wp = W§ = 0.) 

Proof. Let w = X^'=i fj ® 9j ^ (Wi ®e W 2 ) F/L with minimal possible dimension of 
the -E-subspace H in W\ spanned by fi,...,fjy. Then w £ H ® E W 2 , and therefore, 

w £ o~(H) <8>e W 2 for any ct G Gp/z- Suppose that fj G" W x F/L for some j and that there is 
a £ G F/Z such that H ^ a(H). Then w £(H® E W 2 ) n (cr(il) ® E W 2 ) = H' ® E W 2 , where 
H' = H n o~(H) is a proper .E-subspace in , contradicting the minimality of dimension of 
H. This means that either fj £ W 1 FfT for all j, i.e., w £ wf F/r ® e g f/T W 2 , or H = a{H) 

for any a £ G F p^. In the first case one obviously has w G W± (8 g G p/E W 2 

If i7 = cx(-ff) for any a G G F ,j; and tr.deg(i ? /L) = 00 then is a smooth semi-linear 
representation of G^yx of finite degree, which is trivial by Prop. 5. 4 of [E] in the case 
E = F and by Theorem 2.9 of [K] if E is a trivial G-module, i.e., w G iJ ® E W 2 C 

(-E ® £; G F/r wf F/x ) ® E W 2 , and therefore, w G wf F/r § e g f/I W 2 Gf/t . 
For arbitrary L one has (cf. Lemma 6.1 of R ) 

(Wi ® E W 2 f^ = [j (Wi ®b W 2 ) G ^ 

= U ^ V*/* ^ f/7? = W ° F ' T ®E G rr L < • 

where -fT runs over the set of subfields of finite type over k. □ 
Proposition 7.6. Let W G and q >0 be an integer. Then 

• any morphism W i^F/k) factors through W — > Qpi k Q i^F/k) > 

• for any smooth proper variety Y over k an embedding k(Y) F induces an injection 
ip(W) P| L *^1^Y)/k ^y/fc) an d th ere are th e following canonical isomorphisms 



F/L 



(7) Hom G (C fe(y) , (g)' F fl F/k ) ^ T(Y, Q' Y/k ) Rora G (CH (Y F ), (g)^ fl F/k ). 

Proof. Replacing W with tp(W), we may suppose that W C ( & F / k j • Let w be a non- 
zero element of W. There is an extension L C F of finite type over k such that uj G W Gf / l . 
Let Y be a smooth projective model of L over k. Then co can be considered as a rational 
section of the coherent sheaf 0,yi/k\ A Y- 
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If the divisor (a>)oo of poles of lo is non-zero, then there exists a generically finite ratio- 
nal map / = (/i, . . . , /di m y) : Y — » A^ imy well-defined at generic points of irreducible 
components of (w)oo an d separating them. 

Then the direct image tr /fc(/li ... )/d . mr) (u;) of lo in ^ A d im y )9/A .|A Adim y (in other words, in 
(^fef^ j d . ) 1 dimY ) nas poles, and in particular, it is non-zero. 

This means that t r /fc(/ 1 ,...,/ dimy )( ti; ) is a non-zero element of W F/k( - il ' —•fdimy) = V^ G . 
On the other hand, iy G C ((o^)^) = if g > 1. 

Let w € (^i/fe) 8>£ \^i/fe an d <? > 2. Fix a transcendence basis xi, . . . ,iCdiniY °f the 
extension L/k. Then one has w = fidx^ (g) • • • (8> dxj . 

If there is a non-zero summand such that dxj appears s > 2 times then (after renumbering 
of the coordinates) we may suppose that dx\ appears s times. 

Otherwise, (after renumbering of the coordinates) we may suppose that one of the sum- 
mands is fi... q dxi (g> • • • (g) dx q and /i23... g ^ — /2i3...g> Replacing X2 with X2 + xi, we get the 
summand — (fn3...q + f 213.. .q)dx\ <g> dx\ <g> dx3 ® • • • <8> dx g . 

This means that fj ^ 0, where 1 appears in J = (i\ . . . i q ) exactly s > 2 times. 

Let Lo be the algebraic closure of k(x2, ■ ■ ■ , ^dimy) in L, and g be the genus of a smooth 
proper model X of L over Lq. Let Li C F be a finite extension of Lq such that X has 
a rational Li-point P. Let x\ be a local coordinate on Xp x in a neighbourhood of P and 
fj(P) 7^ 0. By Riemann-Roch theorem, for any effective reduced divisor D on X of degree 
> 2g disjoint from P there is a function such that z _1 (0) = s • P + D. 

Let it be a local coordinate on P^ in the formal neighbourhood Vp of 0. There is a local 
coordinate t on JT^ in a neighbourhood of P such that t s = u o z. 

Then a; is a sum of gjdx^ <g> • • -®dxi q , where dt appears s times and gj{P) ^ 0, and some 
independent tensors. This implies that 7r*u> is a sum of (Tr\v P )*{gj)s~ s u 1 ~ s dxi 1 (g> • • • ®dxi q , 
where dtt appears s times, some terms holomorphic at 0, and some independent tensors. So 
tt^lo has a pole, and in particular, it is non-zero. Here Z — > P 1 x S 1 is a thickening of z, Z 
is a model of LLi over k, and S 1 is a model of Li over k. 

Both maps of Q are injective. Any morphism in question is determined by its value lo 
on the generator i of Cuy) ( or of CHq(Y)). As lo is fixed by Gpi i n.fy))i the above implies 
that l identifies lo with a regular differential form on Y. □ 



Lemma 7.7. For any integer q > £/ie semi-linear G -representation 0|y fc 



is irreducible. 



Proof. Let w be a non-zero element of ^|y fe - There is an extension L of of finite type 
in F such that lo € Choose a transcendence basis xi,X2, . . . of L over k. 

Then w = S/=(ii<...<i,) /l^x/, where dx/ := dx^ A - • -Adx iq . Let 77 = S/=(ii<...<i,) 5/^/ 
be a non-zero element in the semi-linear G-subrepresentation {oj)f(g) generated by lo such 
that the number N of non-zero c//'s is minimal. If N > 2 and gj 7^ then, for some o~ € G 

20 



with axi = XiXi + m, where Aj G /c x , /ij e fe, IlieJ^ = cons ider 7?/gj - a(rj/gj) = 

E/^j (f/M - p(gi/gj) Uiei A 

Then ry/ffj — cr(rj/gj) is a 'shorter' non-zero element in (uj)p^ G y This contradicts our 
assumption, so {uj)f(g) contains dxi, and therefore, (uj)p^g) = ^p/k' ^ 

Corollary 7.8. If Conjecture holds then any irreducible object of Xq is admissible. If, 
moreover, numerical equivalence coincides with homological then there is an equivalence of 
categories 

| covariant motives over k 1 B* J graded semi-simple admissible 1 
1 modulo numerical equivalence J 1 representations of G of finite length J ' 

Proof. Let W be an irreducible object of Tq. There is a smooth proper variety Y over k 
and a surjection C k (Y) — * W. Assuming Conjecture, Proposition ^, 6l implies that W can be 
embedded to Q q F / k for an appropriate integer q > 0. As Hom^C^y), ^fy^) = ^(Xi^Y/k^ 
any homomorphism C k (y) — > ^F/k ^ ac ^ ovs through A dimY (Yp), where A* is the space of 
cycles "modulo (de Rham) homological equivalence over A;". More precisely, A*(Yp) is the 
image of CH (Y f )q in H^ k (Y F ). As A dimY (Y F ) is admissible, so is its quotient W. 

The fully faithful functor B* from [H] is given by the graded sum ©j lim Hom(Prim£ © 

L * 

L® 4 ,— ), where L is the Lefschetz motive, and Prim/, = f^ker^ with 93 runing over all 
morphisms Z — > M <g) L for a smooth proper model Z of L over A; and effective motives 
M. 

It suffices to show that any irreducible admissible representation of G is the degree-zero 
component of B*(M) for a motive M. As W is a quotient of j4 dimy (Yp), this follows from 
the fact that A dimY (Yp) coincides with the degree-zero component of M'(Y), if numerical 
equivalence coincides with homological. □ 



For a smooth proper fc-variety X denote by C£m the kernel of the morphism Cfcpq — * 
Q, and by !rC^x) the kernel of the morphism C£pQ — ► AlbX(F)Q induced by the 
Albanese map. 

Corollary 7.9. If Conjecture holds then the folowing conditions are equivalent: 

• the Albanese map identifies CHq(Xp) with XlbX(F); 

• F 2 C k(x) = 0; 

• T(X, fi* ) = for all q>2. 

Proof. By Corollary 6.24 of [E], the cyclic G- module C k ( X ) is isomorphic to Q © 
AVdX(F)q) (B J^Cmx), so the G-module J^C^tx) is cyclic, and therefore, it admits an irre- 
ducible quotient W, which is non-zero if T 2 C k (x) is non-zero itself. AsW£ Iq, Conjecture 
implies that there is an integer q > and an embedding W Qp/ k - 

However, Hom^C^x), ^p/k) = Homc(Q © AVdX(F)q, &p/ k ) if q < 1, so one has q > 2. 

This means that HomciC^x), ^F/fc) = ^C^^x/fc) * s non " zero f° r some q>2. □ 
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Appendix A. Semi-linear representations of PGL of degree one 



Fix an n-dimensional projective /c-space P£ and a complement to a hyper lane A C P£ with 
coordinates x\, . . . ,x n . Let G = Aut(P£/fc) = PGL n+ ifc be the group of automorphisms of 
P£ and L = fc(PjJ) be the function field of PJJ. 

Let A = e PGL n+i A; act on L by Xj i — ► A l3 -:ri+-H-A WJ -:E„+A 

The aim of this section is to show that in characteristic zero any L-semi-linear G- 
representations of degree one is a 'rational L-tensor power' of the space ^£/fc of differential 
forms on L over k of top degree up to a character of a torsion quotient of k x . 

Proposition A.l. For any characteristic zero field k one has H l (G, L x /k x ) = Z. 

Proof. Let k n = Uq C G be the translation group of A. First, by induction on n, we 
check that H l {UQ,L x /k x ) = 0, and in particular H 1 ^,^) H 1 {Uq,L x ). 

Let A = (0, . . . , 0, 1) G f/o and {/q = k n ~ l x {0} C Uq. For any collection (f\)\ presenting 
a class in H 1 (Uq, L x /k x ) and any A,/x G £/o one has /a(# + n)/ f\(x) = fa(x + A)/ fu{x). 
Multiplying with rational functions of type /i(x + X)/h{x) (which does not change the 
cohomology class), we may suppose that there are no pairs of irreducible components of the 
support of the divisor of f\ that differ by a translation by an integer multiple of Ao- 

Then, for any \i £ ^AoZ with a sufficiently big integer N there are no pairs of irreducible 
components of the support of the divisor of f\ (x + y)/ f\ (x) that differ by a translation 
by an integer multiple of Ao, and therefore, f\ (x + y)/f\ (x) = f^(x + \q)/ f^(x) if and 
only if f\ (x + y)/ f\ (x) is constant, which means that f\ (x) is constant itself. 

This implies also that for any y G Uq one has, f^(x) G k{x\, . . . ,x n _i) x , and thus, for 
any A G Ao • k we get f\(x + y)/f\(x) = 1, i.e., f\(x) G k x . By the induction assumption, 
there is some g G k(x\, . . . , x„_i) x such that f\(x)g(x)/g(x + A) G k x for all A G Uq, and 
thus, f\(x)g(x)/g(x + A) G k x for all A G Uq, i.e., ^{Uq, L x /k x ) = 0. 

The Hochschild-Serre spectral sequence for the normal subgroup Uq of the stabilizer P_ 
of the hyperplane at infinity {(cti : • • • : a n : 0)} C P£ in G gives: 

Ef = H*(P_/Uq,H {Uq,L x /k x )) = and E* 2 ' x = H*(P_/U , H x {Uq, L x /k x )) = 0, 

so we get ^ 1 (P_,L x //c x ) = 0. 

As the stabilizer P of the hyperplane {(0 : a\ : ■ ■ ■ : a n )} C PJ? in G is conjugated to the 
subgroup P_ of G, one has P 1 (P, L x /k x ) = 0, so any element of H l (G, L x /k x ) can be 
presented by a cocycle sending any element of P_ to 1, and sending any element A of P to 
f{x)~ l ■ Afix) for some f(x) G . . . , x n ) x jk x . 

In the matrix form the subgroups P_, P and P n P_ look, respectively, as 





* 



\ 



/ * 



V o 



* 






/ 


* 


. . 


. 





\ 
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* 
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* 




/ 







. . 


. 


1 


/ 



In particular, f(x) G (L x /k x ) 



x\PnP- _ 



xf, so f(x) = x™ for some m G Z. 
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This shows that f A = (A ljH+1 x 1 H h A n>n+1 x n + A n+1 , n+1 ) mi for any A € P. 

Since the subgroups P_ and P generate PGL n+ iA;, one has 
H l {G,L x /k x ) = {f A = (A hn+ i Xl + ■■■ + A n , n+1 x n + A n+hn+l )- m \meZ}^Z. □ 
Corollary A. 2. For any field k of characteristic zero there is a natural exact sequence 

^Rom{k x /(k x ) n+1 ,k x ) -^H l {G,L x ) -A H\G, L x jk x ) = Z 

— ► image [Z — ► End(/c x ) <g> Z/(n + 1)Z] — ► 0. 

The class 4 o/^/fc generates a subgroup of index n + \ in H^iG, L x /k x ). 

In particular, the number of (n + l)-st roots of unity in k divides the order of cokerp 
(thus, 9 enera tes H l (G,L x ) if k contains all (n+l)-st roots of unity and k x is (n+1)- 
divisible). 

Example. If k = R then p is bijective for even n, and #cokerp = #kerp = 2 for odd n. 

Proof. Since the commutant of G coincides with PSL n+ i£;, the determinant induces an 
isomorphism Hom(fc x /(fe x ) n+1 , k x ) — ► Hom(G,/c x ), so the short exact sequence 

1 — k x — ► L x — ► L x /A; x — » 1 

gives the map p and determines its kernel. To identify its cokernel, suppose that the 1- 
cocycle 

^4 = (^r/')i<j j< n _|_i 1 * (^4l,n+l^l + ■ • • + -^-n,n+l x n + ^4n+l,n+l) 

on G with values in L x /k x can be lifted to a 1-cocycle A = (-Aij) 1< j j< n+ i 1 — * ^K^) ' 
(Ai >n+ ixi + • • • + A n ^ n+ ix n + A n+ i^ n+ i)~ m on G (considered as a 1-cocycle on GL{Q) for 
an (n + l)-dimensional /c-vector space Q) with values in L x . Then $ : GL(Q) — ► A; x is 
a homomorphism, and thus, $ factors through the determinant: &(A) = (p(detA) for a 

homomorphism /c x — : > k x . The cocycle on GL(Q) defined by descends to a cocycle on 
G if and only if <I> is homogeneous of degree m, so 0(A) n+1 = X m . This implies that m, 
considered as element of End(A; x ) D Z, should be divisible by n + 1. 

As any endomorphism of k x induces an endomorphism of the subgroup of (n + l)-st roots 
of unity, if k contains t out of n + 1 roots of unity of order n + 1, then n + 1 divides m as 
element of Z/iZ, which simply means that m = (mod t). □ 

Appendix B. Semi-linear representations of degree one of a subgroup of 

the Cremona group 

As in the previous section, we fix an n-dimensional projective A;-space P^ and some affine 
coordinates x\, . . . ,x n on P^. 

Let P = Aut(P£//c) = PGL n+ i/c be the automorphism group of P£ (denoted by G in 
Appendix^}, and L = fc(P£) be the function field of P£. 

Let G be the subgroup of the Cremona group Ci n {k) = Aut(L/k) generated by P and 
by the involution a such that o~x\ = x^ 1 and axj = Xj for all 2 < j < n. 

4 of the cocycle (a i — > atu/tu) 6 H 1 (G , L x ) for any non-zero n-form oj € 
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The aim of this section is to show that in characteristic zero any L-semi-linear G- 
representations of degree one is an integral L-tensor power of the space °^ differential 
forms on L. 

Proposition B.l. Let k be a field of characteristic zero. Suppose that either n is even, or 
k x is 2-divisible. Then the isomorphism class ofQ 7 ^^ generates the group H 1 (G,L X ). 

Proof. Let (a r ) be a 1-cocycle on G. We may suppose that (in notation of the proof of 
Corollary IA.2|) the restriction of (a T ) to P coincides with A i — > 0(det A) ■ (vli n +ixi + ■ ■ ■ + 

An t n+ix n + A n +i in +i)~ m for a homomorphism k x — k x . 

Let T C P be the maximal torus subgroup such that TXj/xj =: 6 A; x for any 

t £ T and any 1 < j < n. Then a normalizes T and for any r £ T one has Aj(o" _1 ro") = 
Aj(T) 1 - 25 ^', and a r = 0(Ai(t) • • • A„(r)). As a ff -i rff = ^(A^r)- 1 • A 2 (r) • • • A n (r)) and 
a T = a a ■ aa a -i TU • ra" 1 , this implies that ra" 1 • a CT = </>(Ai(r) 2 ). 

This means, in particular, that a G does not depend on the variables x 2 , • • • >x n: i.e., 
a a G fe(xi) x , and a CT (AiXi) = 0(A|f 2 ) • a CT (xi) for any Ai € /c x . 

It is now clear that a a {x\) is homogeneous, say of degree s € Z, so 0(A 2 ) = A _s . Evalu- 
ating both sides at —1, we see that s is even. Recall from the proof of Corollary IA.2I that 
0(A) n+1 = A m , so A~ s (" +1 ) = <p(\ 2 ) n+1 = A 2m , and thus, m = -f (n + 1) is divisible by 
n + 1. Then a a (x±) = c ■ x 1 2m /( n+1 ) f or some c E k x , so (o r ) is the product on an integer 
power of the class of f^/fc anc ^ a homomorphism G — x . 

One has c : P /c x /(A; x ) n+1 /c x . As ara = r _1 for any r = diag(A, 1, . . . , 1) e P, 
we get c(r) 2 = </>(A) 2 = 1 for any A € A; x . If either n is even, or A; x is 2-divisible, this 
implies that 4> = L so c(P) = {1}. 

Let toi be the involution in P sending (xi,...,x n ) to (1/xi, x^fxx, . . . , x n /x\), s± = 
Lq\ctlqi : (xi, ...,x n ) i — ► (l/xi,x 2 /xf, . . . ,x n /xf) and s : (xi, . .. ,x n ) i — ► (xj -1 , . . . ,x~ 1 ). 
The element so belongs to G, since it is the product of the elements i\jOL\j for all 1 < j < n, 
where are involutions in P such that for s {1, j} and tyxi = Xj. Let 

go be the involution in P sending (xi, . . . , x n ) to ( , , . . . , a . x " 1 ). Then one has the 
following well-known identity in G: s\ = go-so^o-soSo- Then for the homomorphism c as above 
one has c(a) = c(s\) = c(go) 3 c(so) 2 = c(sq) 2 . As Sq = 1, this implies that c(a) = 1. □ 

Remarks. 1. Let G be the subgroup of Cr n (k) generated by G and the involution £ such 
that £xi = xj -1 , £x 2 = x^ x 2 and £xj = Xj for any 3 < j < n. Then Proposition IB.ll 
remains valid if G is replaced by G. Almost the same proof goes through. 

2. If k is algebraically closed and n = 2 then by M.Noether theorem G = Cr 2 (fc). 

Proposition B.2. Let k be an algebraically closed field of characteristic zero, A a noether- 
ian algebraic group scheme over a ring R and n>2. Then Hom(G, A{R)) = {1}. 

Proof. It was shown at the end of the proof of Proposition IB. II that there are no proper 
normal subgroups of G containing P. As P is simple (generated by any non-trivial conjugacy 
class), there are no proper normal subgroups of G containing a non-trivial element of P. 
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Let the elements of Cr2(fc) act identically on k(x%, . . . ,x n ). Then Cr 2 (fc) becomes a sub- 
group in Cr n (k). By M.Noether theorem, Ci2(k) is generated by cr, £ and A2 := Pf] Cr2(fc). 

Denote by H = k(x2) x k x the subgroup of Cr 2 (fc) C G consisting of elements r = 
(q(x2), b) such that tx\ = x± + q{x2) and TX2 = b • X2 for some g(x 2 ) G &(x 2 ) and b G fc x . 

For any iV > 3 and any primitive iV!-th root of unity (ati the centralizer of (0, in H 
is k(x2') x /c x . 

Let p : G — ► «4(i2) be a homomorphism. First, we show that ker p f] H f] A2 7^ {1}. 

Suppose that ker p f] H = {1}. Then H "A A(R), and thus, the centralizer of (0, Cam) in H 
is the intersection of H with the centralizer of (0, (j\n) in A(R). The centralizer of an element 
of A(R) is the group of .R-points of a closed subgroup in A, so any descending sequence of 
centralizers should stabilize. This is not the case for the sequence (A^x^ 1 ) x A; x )at>i. 

Let {qi(x 2 ),b) G ker pf] H - {1}. If 6 ^ 1 then 

(x 2 , l)(gi(x 2 ), 6)(x 2 , l) _1 (gi(x2), fr)" 1 = (x 2 + 91(3:2), 6)(-X2, l)(-gi(& _1 x 2 ), 

= ((l-6)x2 + (7i(x 2 ),fo)(-9i(^ 1 ^2),^ 1 ) = ((l-6)x 2 ,l) Gkerpf|fl--{1}, 

so there is (q(x2), 1) G ker pf] H — {1}. 

It is easy to see using prime decomposition of q that (xi,X2) >— ■» (<?(x2)xi, X2) is an 
element of G (or, by M.Noether theorem, a G Cv2(k) C G), so a(c/(x 2 ), G kerpP|i7. 

But (xi, X2) (xi + 1, X2) is a non-trivial element of A2, so ker p P| P| ^4 2 / {1}. 

As ker p is a normal subgroup in G, this implies that ker p D G, so the image of p is 
{1, p(£)}. The Euclid algorithm shows that cr, £ and the permutations of the set {xi, . . . , x n } 
generate a subgroup isomorphic to GL n Z. The commutators and cr generate a subgroup con- 
taning the congruence subgroup ker(GL n Z — > GL n F2), where F2 is the field of 2 elements, 
so the image of p is isomorphic to the image of some homomorphism SL n F 2 — > {±1}> 
sending <r to 1. For any n > 3 the group SL n F2 is simple, so kerp = G, □ 
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